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Nonlinear multistate systems play a crucial role in a broad variety of
science fields, such as fluid dynamics, heat transfer, reaction diffusion
and others, wherein intricate interactions that span multiple spatial and
temporal scales are particularly challenging to compute. Finite element
and finite difference techniques are traditional examples of numerical
techniques that provide high accuracy, but are computationally
infeasible when the fine scale dynamics are needed. In contrast, new
data-driven methods involving machine learning are computationally
efficient, but may not be physically consistent or robust, especially in
highly nonlinear regimes. In a bid to overcome these shortcomings, this
paper presents an adaptive hybrid numerical-Al method of solving
nonlinear multistate partial differential equations. The suggested
method combines a physics-based finite element coarse-scale
approximation solver with a neural operator-based model to model fine-
scale corrections. One such innovation is an error-driven adaptive
refinement mechanism, which involves dynamically adapting the
computational resources through the evaluation of the residual of the
governing equations and selectingive refinement of areas where error is
large. This close-knit between the numerical and learning elements
guarantees physical faithfulness and computational efficiency. The
framework is tested on representative nonlinear multistate systems,
such as Burgers equation, the NavierStokes flow and reaction diffusion
models. Findings indicate high accuracy gains, more L2 error and less
residual error are reduced as compared to single numerical and
machine learning methods, with a high speed up and improved data
efficiency as well. The suggested approach is continually stable and
generalized under different boundary conditions and scale differences.
On the whole, this work defines a scalable, physically consistent
computational framework that fills in the gaps between traditional
numerical simulation and data-driven modeling, and provides a
pathway to next-generation scientific computing of complex multistate
systems.

1. INTRODUCTION

Nonlinear multiscale systems are a central role in

require proper determination of the macroscopic
and microscopic phenomena. Conventional

broad scientific and engineering applications such
as fluid dynamics, heat transfer and reaction-
diffusion processes. These systems are unified by
multifaceted interaction over several spatial and
temporal scales, which gives rise to highly
nonlinear behaviors which are difficult to model
and simulate nearly perfectly. In fluid mechanics,
e.g. turbulent fluids, small-scale vortical structures
are overlaid on large-scale flows, and high-
resolution  computational  techniques  are
necessary. Likewise, the heat transfer of processes
with phase changes and reaction-diffusion
equations in biological and chemical systems
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computational methods can find it difficult to
effectively resolve these multiscale dynamics with
a way that is numerically stable and accurate.

The solution of partial differential equations
(PDEs) of these systems has been traditionally
based on classical numerical techniques, including
the finite element method (FEM) and the finite
difference method (FDM). Such approaches offer
both  high-resolution solutions and good
theoretical assertions, but are computationally
infeasible with fine scale features in large spaces.
Dense meshes and solvers that are iterative are
costly and impossible to use in real-time.
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Conversely, recent developments in the field of
scientific machine learning have proposed data-
driven methods, especially physics-informed
neural networks (PINNs), that incorporate the
laws of physics in the training of neural networks
to solve PDEs effectively [2], [8]. Although PINNs
are more flexible and need less data, they are
prone to training instabilities, gradient
pathologies, and convergence issues, particularly
when dealing with stiff and highly nonlinear
systems [11].

To address them, neural operator-based models,
including Fourier Neural Operator (FNO) and Deep
Operator Networks (DeepONet) have developed to
be potent tools to learn mappings between
function spaces [4], [5]. These methods largely
enhance generalization under different conditions
of boundaries and initial conditions and offer
quicker inference after training. There are also
libraries like DeepXDE that have improved the use
of the deep learning based PDE solvers [6].
Nevertheless, neural operators can be highly
efficient, but not strictly physically consistent and
can fail to achieve accuracy in areas with strong
gradient or other multi-scale interactions. Scalable
and hybrid methods to enhance robustness and
uncertainty quantification have also been
examined recently, such as graph-based neural
networks and Bayesian PINNs [9], [13].

Hybrid systems, which integrate numerical solvers
with machine learning models have recently
become an area of interest as a promising
direction. By combining the advantages of the two
paradigms, i.e. physical fidelity with numerical
solvers and computational acceleration with Al
models, these approaches are designed to achieve
high-performance computations. As an example,
PINN-FEM techniques have been suggested to
impose boundary conditions in a better way [10],
and more recently, has been used to couple FEM
and neural operators to model in a multiscale
fashion [12]. Moreover, more sophisticated
architectures that include hybrid neural networks
and augmented Lagrangian models have been
shown to have better performance when solving
nonlinear PDEs [14]. Though there are these
improvements, current hybrid techniques usually
fall on the idea of static coupling, and do not adapt
to dynamically reassign computational resources
as the problem changes in complexity.

In this paper, we put forward an adaptive hybrid
numeric-Al platform to tackle nonlinear multiscale.
The suggested method combines a physics-based
FEM solver to come out with a coarse-scale
solution and a neural operator model that includes
the fine-scale corrections. An important novelty of
this framework is the novel error-driven adaptive
refinement mechanism, to measure the residual of

the governing equations and dynamically refine
regions with large error. It allows allocating
computational resources efficiently and has high
physical consistency. This framework aims to solve
these shortcomings of the standard numerical
approaches and standalone Al models by offering a
trade-off solution, which is accurate and
computationally efficient.

This work has made the following contributions.
To approach the objective of managing nonlinear
multiscale PDEs, a hybrid framework is initially
designed that is adaptive and integrated by closely
combining a neural operator model and a finite
element solver. Second, it presents an error-based
refinement strategy to dynamically control mesh
refinement, and localized learning to enhance the
accuracy of solutions in areas with complex
dynamics. Third, the suggested framework can
reach high levels of computational efficiency,
without  sacrificing physical consistency,
eliminating the weaknesses of independent
numerical and machine learning methods. Last but
not the least, the performance of the method is
confirmed on representative nonlinear systems
with better performance of the method in terms of
accuracy, stability and generalization among
multiple scales.

2. RELATED WORK

The conventional approaches to solving nonlinear
partial differential equations (PDEs) include the
use of established computational techniques,
namely finite element method (FEM), finite
difference method (FDM), and spectral techniques.
These methods offer a great degree of precision
and mathematical rigor and suit a broad spectrum
of scientific uses. Their performance is however
usually limited by the necessities of fine
discretization in the treatment of nonlinear multi-
state phenomena with the resultant high
computational overhead. These classical methods
are more expensive and difficult to scale efficiently
in problems where sharp gradients or local
features are required, especially when the
requirement in the resolution is high.

In order to solve the issues related to the
multiscale systems, a number of sophisticated
numerical tools have been designed, such as
multigrid techniques and adaptive mesh
refinement (AMR). These methods attempt to
enhance the computational efficiency through
selective refinement of regions of interest, and
coarser representation of the rest. Such methods
can save much computational expense over
uniform discretization, but still use iterative
solvers and domain-specific optimization, making
them much less flexible and scalable to highly
nonlinear and dynamic systems.
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Over the past few years, data-driven methods have
become competitive substitutes to tackle PDEs.
Physics-informed  neural network (PINNSs)
explicitly use governing equations in the loss
function, allowing them to learn physically
consistent solutions with minimal data [2], [8].
Although they are conceptually attractive, PINNs
are prone to training instabilities, gradient flows
and slow convergence especially in stiff or
multiscale systems [11]. Variants like Bayesian
PINNs have been proposed to deal with
uncertainty and noisy data more efficiently [13],
and variants that scale and graph-based methods
to improve the performance in large-scale
problems have been proposed [9]. The limitations
and potential of PINNs in solving complex PDE
systems have been mentioned in comprehensive
reviews [7].

In addition to PINNs, neural operator-based
models have been extensively studied, because of
their capacity to learn function space mappings.
Other methods like Fourier Neural Operator (FNO)
and DeepONet have shown good generalization
with different boundary conditions and system
parameters [4], [5]. Such techniques allow quick
inferences on training and have been effectively
used to a range of parametric PDE systems. It is
further supported by frameworks like DeepXDE
which enable the use of deep learning-based
solvers to solve scientific computing [6].
Nonetheless, neural operators can be difficult to be
strictly physically consistent, and can typically
demand large datasets to be highly accurate,
particularly in areas where nonlinearities or sharp
transitions are intense.

To integrate the benefits of both numerical solvers
and the machine learning models, the hybrid
approaches have been suggested. Such approaches
are often a combination of physics-based
discretization methods and neural networks to
enhance both accuracy and performance. As an
example, PINN-FEM models have been constructed
to improve the implementation of the boundary
conditions and increase the quality of solutions
[10]. Equally, there are recent works which
investigated the coupling of FEM to neural
operators to accelerate multiscale modeling as
well as enhance computational performance [12].
More recent methods have also used state of the
art neuralarchitectures, e.g. hybrid Kolmogorov
Arnold networks to solve PDEs with greater
flexibility and robustness [14]. These hybrid
methods are a large step in the right direction, but
a majority of current frameworks use static
techniques of coupling as well as have no means to
dynamically respond to the complexity of
solutions.

Although there has been significant advancements
in the numerical and data-driven methods, there is
a significant missing link towards complete
adaptive hybrid modeling of nonlinear multiscale
systems. Current approaches either focus on the
mathematical precision of computations at the cost
of computational speed or on the acceleration by
learning at the cost of physical consistency.
Additionally, the existing types of hybrid solutions
are heavily reliant on set-in-stone integration
strategies and lack mechanisms which make use of
error conditions to dynamically steer refinement
and resources allocation. This constraint inhibits
their ability to deal with more intricate multiscale
problems which have a dramatically different
solution behavior throughout the domain. Thus, it
becomes apparent that an adaptive and error-
intensive hybrid numerical-Al framework is
necessary to smoothly combine physics-driven
solvers with learning models and is capable of
achieving precision and efficiency without
compromising the stability and functionality of a
variety of scales.

3. Problem Formulation

Time-dependent partial differential equations
(PDEs) often characterize nonlinear multiscale
systems in computational science and engineering,
the behavior of whose solution at a given spatial
and temporal resolution depends on multiple
spatial and temporal resolutions. These systems
manufacture in an extensive range of uses, such as
in viscous fluid flow, nonlinear heat conduction,
reactive material, phase-field dynamics, and
coupled transport. The main challenge to solving
these systems is that both the large-scale trends all
around the world, and the very fine-scale
structures, are simultaneously present, and need
to be solved correctly to produce physically
relevant predictions. The type of problems to be
considered in this work is depicted in the general
form.

du(x,t)

BT + N(u(x, t)) = f(x,t) (D
x €Q,te(0,T] (2)
Whereu(x, t) denotes the unknown state variable
defined over the computational domain() c
B, d e {1,2,3}, and over the time interval (0,T).
Depending on the application, u(x,t) may represent
a velocity field, temperature distribution,
concentration profile, pressure field, or another
physically relevant quantity. The operator N
(Jrepresents a nonlinear spatial differential
operator, possibly containing convection, diffusion,
reaction or coupling effects, and f(x,t) is external
forcing or a source term. This broad formulation is
broad enough to include a variety of significant
scientific PDE models, such as Burgers-type
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equations, reaction-diffusion  systems, and
nonlinear transport equations. Appropriate initial
and boundary conditions to the governing
equation are required to provide a mathematically
well-posed problem. The first condition is
prescribed to be as given below.

u(x, 0 =ug(x)_________(3)

xX€EQ 4)

Whereu, (x)gives the starting spatial distribution
of the state variable. The boundary 0 Q of the
domain has associated with it boundary conditions
which can be either Dirichlet, Neumann or Robin,
or some combination of both, depending on the
physical problem. Dirichlet conditions give the
value of the field variable on the boundary,
Neumann conditions give the flux or gradient
normal to the boundary and mixed conditions give
a combination of the two. These are fundamental
as they have a profound effect on the stability,
uniqueness and physical admissibility of the
numerical solution. Any computational model that
is to be applied to nonlinear multiscale PDEs, must
be able to capture these conditions with high
fidelity, especially in the areas where there are
steep gradients in the solution, or nonlinear
interactions are strong.
Multiscale structure of the target problems is the
key characteristic. Nonlinear multiscale PDEs do
not respond in the same way as do uniformly
smooth systems, but there is nonuniform
complexity in the solution over the entire domain.
Some regions might change on a slow scale and can
be represented sufficiently well at fairly coarse
scale, whereas other regions might contain sharp
fronts, localized oscillations, thin boundary layers,
vortical structures or strongly nonlinear
interactions and need to be discretized on a fine
scale. The nonuniform behavior is depicted in Fig.
1, where the global domain can be characterized as
having heterogeneous complexity with one part of
a region being predominantly influenced by
smooth, large-scale variations and another part
being filled with small-scale eddies, sharp
transitions and features of highly nonlinear
dynamics. The figure illustrates clearly that not a
homogenous discretization strategy is efficient. In
a domain that is discretized on the fine scale
needed only in the intricate areas, the overall size
of the grid points increases many times over,
resulting in a large memory footprint and
culminating in high computational cost. On the
other hand, the fine scale dynamics will not be
resolved, leading to large local errors, loss of
physical detail and possible numerical instability,
should a coarse mesh be used over the entire
domain.
This spatial heterogeneity is complicated further
by the multiscale behavior, time wise. There are

large scale, slow, global evolutions of many
nonlinear systems and small scale, fast transients.
e.g. in fluid flow, transport field, as a whole, can
develop slowly whereas local vortices develop and
disappear rapidly. In diffusion-reaction systems,
wide belts of concentration can form on a long
time-scale whereas narrow reaction fronts form on
a short time-scale. These combined spatial and
temporal differences render the solution process
especially challenging, as the computational
algorithm needs to be able to solve the changing
fine-scale details, without overcoercively
oversampling smooth areas. Thus, it is not only a
matter of solving a nonlinear PDE, but doing it in a
manner that is an accurate and efficient solver,
both locally and globally.

Numerically, the primary challenge is that classical
approaches of discretization are based on fixed
meshes or globally refined grids. Such methods can
be very accurate, but require a lot of
computational effort, particularly with limited
regions of high complexity in the problem domain.
On the kind of systems shown in Fig. 1, the load on
only some parts of the computational power is
very uneven: relatively few degrees of freedom are
needed to represent the coarse scale parts, and
much of the computational power to be devoted to
fine-scale parts, which need dense local
representation. This asymmetry drives the desire
to have adaptive resolution mechanisms and can
notice the regions where the solution is
challenging and provide selective resources to the
computer in those areas. That is, the formulation of
the problem is such that it will automatically
demand error-conscious local refinement as
opposed to some global treatment.

The other significant point of the current
formulation is the factor of a nonlinear operator
N(u). Any small error in approximation in a small
region can spread to affect the overall solution due
to the possibility that N (u) is nonlinear, contains
nonlinear source terms, or has coupled
constitutive equations. This causes local errors to
not be addressed as single faults; they could
corrupt the whole system development. This fact
causes nonlinear multiscale PDEs to be particularly
vulnerable to both the lack of resolution and poor
model generalization. A computational plan must
not only find areas where it is necessary to have a
greater level of fidelity, but it should also satisfy
the governing equation on the entire domain. This
is necessary particularly in incorporating data-
driven models in the solution process because
purely learned approximations can work well in
smooth parts but fail in in sharp nonlinear parts
unless constrained appropriately by physics.

The formulation of the problem that this study
aims to solve can be as follows in this regard: given
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a nonlinear time-dependent PDE on a
heterogeneous multiscale domain, come up with a
computational framework that approximates the
solution u(x,t) accurately but does not cost more in
terms of the needless computational cost. The
framework has four conditions that it must meet.
First, it needs to conserve the physical behaviour
of the ruling PDE along with the related boundary
and initial conditions. Second, it should be able to
take both coarse global trends, and localized finer
trends. Third, it needs to be able to adjust to the
nonuniform resolution requirements of the
domain as opposed to fixed discretization. Fourth,
it should be computationally efficient enough, to be
better than traditional uniformly refined numerical
solvers. The objective is directly stimulated by the
formulation presented in Fig. 1: the coarse-flow
region is to be solved in a cost-effective manner
whereas the fine nonlinear interaction region

Global Domain with Heterogeneous Complexity

needs to be addressed on a special basis of
computations.

Based on this, the present work represents the
nonlinear multiscale PDE problem as a problem of
adaptive physics-consistent approximation in the
context of heterogeneous requirements of
resolution. The proposed hybrid framework is
based on this point of view. The solution process is
tailored to treat high-complexity and low-
complexity regions differently, based on the
numerical intensity in the governing residual and
local behavior, as a pointer to where more refined
correction is required. Therefore, the problem
formulation not only delimits the target equation
and physical constraints, but the fundamental goal
of the computation that will drive the rest of the
paper, the successful and efficient solution of
nonlinear multiscale dynamics by combining
adaptive numerical and learning-based processes.

Localized Zoom & Resolution Requirements

Region of Interest 1: Coarse Scale Global Flow

Resolution
Requirement

- Key Challenge:
i Efficient Allocation

Grid poinis

Region1 Region 2
: Grid points e.
i computational cost
i if computational cost

A 4

Coarge gn'?

can adequaly

Vipi]aot?ot?s represntely
r9presem

Region of Interest 2: Fine Scale Nonlinear Interactions

Resolution
Requirement

Il Y AW
Small-Scale :

Eddies/Gradients 71\
‘ «

The Hardness: e
Non-uniform:

Non-uniform requirements Refined Mesh

demanding adaptation (which donly

QCR*eg,z€0,1],y€0,1)

\

Highly Nonlineani\ [ resoly the solution

properly

Dynamics

Fig 1. Multiscale PDE Domain with Coarse and Fine Features.

4. PROPOSED METHODOLOGY

4.1 Framework Overview

This work proposes an adaptive hybrid numerical-
Al framework to solve nonlinear multiscale PDE
systems efficiently, which is a combination of
physics-based numerical modeling and data-driven
learning under an error-controlled adaptive loop.
The general architecture, as shown in Fig. 2 is a
combination of three inseparable components: a

numerical solver, a correction model based on
neural operators, and an adaptive error controller.
The finite element method (FEM) numeric solver
gives an approximation of the governing PDE and
is physically consistent over the computed domain.
The solver is able to obtain the coarse-scale
structure of the solution and strictly impose
boundary and initial conditions. The resulting
approximation is denoted asu,,, (x, t).
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1. COARSE-SCALE . 3. ADAPTIVE ERROR
NUMERICAL SOLVER (FEM) CONTROLLER
Domain :
: v —
‘Boundary & ESﬁH D o (X, £)
Initial Conditions, =% vl
Source Term DN DN A
il v ]
@] Uhybrid (X 1) FINAL
X | Construction NO égﬁg?gEN%_
2. FINE-SCALE NEURAL OPERATOR A
(FNO / DeepONet) SOLUTION
B
N o
Mesh 4. ADAPTIVE REFINEMENT Selective
Update FEEDBACK LOOP Resource
 Mode & Allocation
..Localized Mesh  «.a Local Model Fine-tuning Guided by
«» Refinement &’ Retraining Error-Driven Residual Error
% (for FEM) (for Al) Adaptation
Fig 2. Hybrid Numerical-Al Framework Architecture
To boost performance by reducing the solution calculated by computing the residual of

the governing equation. This residual is a local
error measure:

computational cost, a neural operator module is
proposed. This element, which builds on
architectures like the Fourier Neural Operator

(6)

(FNO) or DeepONet) learns the functions between
the spaces of functions and makes predictions of
fine-scale corrections to the numerical solution. It
is not a solver, but a complementary module that
sharpens nonlinear features that have not been
solved:
ugr (%, 6) = Go(Unum (6, ) (5)

The third component, the adaptive error controller
is an evaluation of the physical consistency of the

INPUT DATA & MODELS

. Numerical Solver (FEM)

MESH
UPDATE

II. Al Model
(Neural Operator)

d
RGx,t) = | 57+ N (W = 0

The combination of these elements forms a closed-
loop system, with the numerical solver supplying a
stable system, the neural operator refining the
solution, and the error controller steering an
adaptive refinement. The entire process is shown
in Fig. 3, with emphasis on the iterative feedback
process.

II1. Adaptive Error Controller

Feedback Loop

6. EXPORT wnybria & (X, )

: MODEL
\{| ADJUSTMENT

YES

FINAL OUTPUT: hybrid, REFINED MESH M,
RESIDUAL ERROR R(x, t)

Fig 3. Adaptive Hybrid Algorithm Workflow.
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4.2 Hybrid Solution Formulation
The final solution is constructed by combining the
coarse numerical approximation with the learned
correction:

uybrid (X, t) = Unum (x, t)

tuyxt)__ (7)

Such formulation guarantees the global physical
behavior is maintained with the numerical solver,
and fine-scale nonlinearities are effectively learned
with the learning component. This hybrid
representation unlike data-driven ones only does
not lose physical consistency, but also greatly
minimizes the necessary globally refined
discretization.

4.3 Adaptive Error-Driven Strategy

Another characteristic of the proposed framework
is its adaptive mechanism with errors which
dynamically assigns computational resources with
local solution complexity. The framework does not
aim at improving the entire domain uniformly, but

BEFORE ADAPTIVE REFINEMENT

Coarse Mesh (Uniform Resolution)

instead selectively attacks the areas in which the
approximation error has to be larger than a
predefined threshold. Condition of refinement is
defined as:
R(x,t) > € (8)
Wheree is a user-defined tolerance. When this
condition is satisfied, the framework performs
localized updates, including:
e Mesh refinement in high-error regions to
improve spatial resolution
e Selective retraining or fine-tuning of
the neural operator using region-specific
data
e Adaptive sampling to better capture
nonlinear dynamics
This refinement process aims to efficiently deal
with heterogeneous multi-scale features as shown
in Fig. 4, refining the computational effort where
most required, and avoiding any unnecessary
computation in smooth areas.

AFTER ADAPTIVE REFINEMENT

Adaptively Refined Mesh (Local Resolution Increase)

Solution u(x, t) = Solution u(x,t)
High P ‘ ERROR High
' EVALUATION
Low : F‘- B ?3_.: i f] o
Residual Error R(x,t) Ir": High error Residual Error R(x,t)
Error Magnitude L - -1 region Error Magnitude
detected
High Error (R>¢) High Error
Low Error Low Error
Fig 4. Error-Driven Adaptive Mesh Refinement.
4.4 Algorithmic Workflow 3. Predict fine-scale correction using the

The suggested framework is driven by the iterative
hybrid process incorporating the numerical input,
learning-based correction, and adaptive control.
The sequence of work will look like as follows:
Input:
Domain £, initial condition wuy(x), boundary
conditions, nonlinear operator N(:), source term
f(x,t), initial mesh M,, neural operator G, and
error threshold e.
Output:
Hybrid solution ugyyiq (x,t), refined mesh M, and
residual distribution R(x,t).
Procedure:

1. Initialize computational mesh M

2. Solve the PDE using FEM to obtain u,,,y,

neural operator
Construct hybrid solution ug,,q
Compute residual error R(x,t)
Identify regions where R>€
Apply adaptive refinement (mesh update
+ model adjustment)

8. Repeat until convergence criteria are

satisfied

This is an iterative method, which provides
computer efficiency and the opportunity to
constantly optimize the solution accuracy.
Combining adjective control with hybrid modeling
of the proposed framework enables strong
management of nonlinear multiscale dynamics as
opposed to traditional approaches based on a
static condition.

N
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5. Experimental Setup

5.1 Benchmark Problems

In order to strictly analyze the performance of the
purported  adaptive  hybrid numerical-Al
framework experiments are carried out on a
collection of model nonlinear multiscale PDE
systems. The wide usage of these benchmark
problems in computational science is because they
are capable of modeling complex physical
behaviour like nonlinearity, multiscale
interactions, and dynamic evolution. The initial
benchmark is the Burgers equation that can be
used as a canonical model of the nonlinear
convection-diffusion processes. It is especially
appropriate to assess the capability of the
framework in dealing with the steep gradient areas
and the shock formation. It is a perfect test case to
evaluate the adaptive refinement and the
correction of fine-scale due to the presence of
localized discontinuities and changing nonlinear
structures.

The second benchmark is the equations of the
Navier-Stokes who are in charge of the
incompressible flow of a fluid. These equations
have high multiscale properties such as the
presence of large scale flow structures and small
scale vortical waves. This issue is employed to
assess the performance of the framework in its
ability to capture the flow behavior of complexity
whilst being stable and computationally efficient.
The capability to solve local turbulence and non-
linear interactions will play a crucial role in
proving the strength of the suggested scheme. The
third benchmark is a reaction diffusion system,
usually applied to chemical reactions, the
formation of biological patters and transport. Such
systems are generally characterized by the spatial
pattern formation, the wave propagation and
localized nonlinear interactions on many scales.
This standard is especially applicable in evaluating
the generalization capability of the framework to
various physical processes, and the capability of
the framework to solve coupled nonlinear
dynamics. These benchmark problems all present
a rich evaluation scheme, encompassing
convection-dominated, diffusion-driven, and
multiphysics flows, and thus supporting the
universal nature of the suggested framework.

5.2 Baseline Methods

Comparisons are conducted against three popular
mainstream methods to operationalize numerical,
data-driven and operator-learning paradigm to
prove the effectiveness of the proposed approach.
The initial reference point is the Finite Element
Method (FEM) that is the numerical solver of
reference. FEM offers high precision solutions and
good physical consistency but in most cases fine

discretization is necessary to capture multiscale
features and hence is expensive to compute. The
effectiveness of the suggested framework is
evaluated with the help of this baseline. The
second reference point is the one called Physics-
Informed Neural Network (PINN), where the
equations of governing processes are incorporated
into the learning. PINNs can solve PDEs without
explicit meshing; but tend to be unstable to train
and difficult to scale to multiple scales in realistic
problems. Improvements in stability, convergence
and physical consistency are measured with
respect to this baseline.

The third baseline is composed of Neural Operator
models, including Fourier Neural Operator (FNO)
or DeepONet, which are models that are trained to
learn functions between the input and output
functions spaces. These models are fast to infer
and highly generalize but might not strictly enforce
physical constraints especially in areas with sharp
nonlinearities. This is the minimum point based on
which the capacity of the hybrid framework to
strike the balance between accuracy and efficiency
will be assessed. Through this comparison with
these various baselines, the experimental setup
guarantees that the proposed method is fairly and
holistically tested under various performance
dimensions, such as accuracy, computational
efficiency, stability and responsiveness to
multiscale dynamics.

6. Performance Metrics

The adaptive hybrid numerical-Al framework is
tested on a set of quantitative measures that
measure accuracy, physical consistency,
computational efficiency, and multiscale
robustness. Of these, the most important measure
of accuracy is the mean squared error (MSE),
which is a measure of the difference between the
predicted solution and the reference (ground truth
or high-resolution numerical solution):

MSE 1 ZN pred
N i:1(ui

_ uiture )2 (9)

It is a metric to give a world-wide evaluation of the
accuracy of prediction over the computational
domain and it is especially good at comparing
methods when all is evaluated on the same
conditions. Besides global error, the framework is
also tested in terms of the preservation of the
underlying physical laws using the evaluation of
the PDE residual, which is how well the solution
that is predicted satisfies the governing equation.
The smaller the residual, the higher the physical
consistency and the consistency with the modeled
system dynamics.

To further guarantee scientific validity, the
accuracy of the solutions is also evaluated
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concerning the distribution of spatial error,
especially in the multiscale regions. In contrast to
the uniform error measurements, this analysis is
able to identify which areas of the solution are on a
coarse scale (where the solution changes in a
smooth manner) and which are on a fine scale
(where the gradients are sharp and interactions
among different scales are nonlinear). The fact that
the proposed framework is effective in managing
the behavior of heterogeneous multiscale, testifies
to the fact that it is tuned to preserve low error in
both regimes.

Another dimension of performance that is critical
is the computational efficiency which is measured
using the execution time and the relative speedup
over the baseline methods. Because classical
numerical solvers can be sensitive to dense
discretization to ensure good performance, the
suggested method of a hybrid regime should have
an equal or even better accuracy at a much lower
cost. This enhancement is facilitated by the
adaptive refinement mechanism which only
concentrates computation in the areas which need
greater resolution. In general, the accuracy
metrics, resilience of physical validation through

A: Ground Truth
(Reference)

B: Standalone FEM

1.0

residual values, and efficiency, give a complete
evaluation paradigm. This guarantees that the
proposed approach can be not only numerically
accurate, but also physically consistent and is
computationally scalable to complex nonlinear
multiscale systems.

7. RESULTS AND DISCUSSION

7.1 Accuracy Comparison

The proposed adaptive hybrid numerical-Al
framework is initially considered in regard to
predictive accuracy by comparing it directly with
the reference solution and the two baseline
approaches, i.e. standalone FEM and standalone
PINN. The visual comparison of the four panels as
illustrated in Fig. 5 offers a first-hand information
on the efficiency of the suggested approach. In
Panel A, the reference or ground-truth solution
displays a sharp nonlinear transition zone and
finer localized structures around the centrally
located regions of the computational area. These
characteristics are especially hard to solve since
they need both local refinement and good
nonlinear approximation properties.

C: Standalone PINN
(Standard)

D: Proposed Adaptive
Hybrid (Our:

1.0 1.0
0.8 0.8
0.6 0.6
0.4 0.4
5 L, Error = ~2.5%
= ~120, 0.2 = ~159 2 0.2
L, Error = ~12% L, Error = ~15% Total Speedup = 8x
Speedup = 1x Training Time = High Residual ~ 10~5
%6 07 08 09 1 06 07 08 09 1 06 07 08 09 1 06 o7 os oo 1 °
—— A: Ground Truth —— B: Standalone FEM —e— C: Standalone PINN —=— D: Proposed Adaptive Hybrid
(Reference) —-- (Coarse) — % — (Standard) (Ours)
Fig 5. Solution Comparison across Methods.
The result with standalone FEM on a coarse mesh absence of mesh, the PINN experiences

is presented in panel B of Fig. 5. Though FEM does
not lose the global geometry of the solution, it does
not solve the narrow transition area and the fine
scale deformation in the nonlinear interaction
region accurately. This under-resolution is
manifested in the reported L2 error of about 12%
in that a coarse static mesh cannot be used to
record the local dynamics. Panel C, i.e., the
standalone PINN solution, recreates the overall
shape of the solution in a smoother manner
compared to FEM at the expense of introducing
distortions in the high-gradient area. The L2 error
reported at about 15% confirms that, even in the
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instabilities and a lack of local accuracy when faced
with challenging nonlinear problems. Conversely,
in Panel D the proposed adaptive hybrid
framework yields a solution that is much more
visually accurate to the ground truth, particularly
in the region of the central nonlinear interface. The
local mesh clustering and refined edges show that
the technique is able to concentrate resolution in
the most problematic areas.This is supported by
the substantially lower L2 error of about 2.5%,
together with a reported residual on the order of
1075 and a total speedup of 8x relative to the
reference dense computation.
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These observations are consistent with the
quantitative error values reported across the
benchmark problems. For the Burgers’ equation,
the mean squared error decreases from 2.5x1073
for FEM and 1.8x1073 for PINN t06.2x10*for the
proposed framework. For the Navier-Stokes case,
the error is reduced from 3.1x1073 and2.4x1073
to 9.5x107*, while for the reaction-diffusion
system the error falls from 2.9x1073 and 2.1x1073
to 7.8x107*. These results indicate that the
proposed hybrid formulation is not merely
improving visual smoothness, but is genuinely

A: Standalone FEM

B: Standalone PINN

increasing predictive fidelity by combining a stable
physics-based coarse solver with a fine-scale data-
driven correction mechanism.

7.2 Physics Consistency

Although numerical accuracy is crucial, it alone is
not adequate to nonlinear scientific computations.
The governing PDE should also be satisfied (high
fidelity) with the recalculated solution. This is why,
the physical consistency of the given framework is
estimated in terms of the residual-based analysis
and the findings are presented in Fig. 6 and Fig. 7.

C: Pure Neural Operator D: Proposed Adaptive

1.0 (Uniform) (Standard) (FNO) Hybrid (Ours) -
' ' |/l Min Local Error: 9.2 x 1077
0.8 1 ; 107!
Avg Error: ~ 1.5 x 1076
bit # ] 102
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< & ¥/ 10~3
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/ with Residual < 1076
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z,y) z,y) z,y) z,y)

Fig 6. Spatial Error Distribution Comparison.

Fig. 6 compares the distribution of spatial errors of
four methods. In panel A, the error map of
standalone FEM is provided, with the error being
very big in wide regions throughout the domain,
particularly around the nonlinear transition path.
It implies that rugged discretization cannot
effectively observe the local sharp dynamics. In
panel B, the error map of standalone PINN reveals
that the error distribution is less organized, but
still wide-spread, indicating instability and local
inconsistency of the learned approximation. In
panel C the pure neural operator result is shown
and it enhances smoothness but shows a wide

band of error particularly at the nonlinear
interface. Panel D is the proposed adaptive hybrid
method and is much different: local error is highly
concentrated and error is significantly decreased
throughout the domain. In this panel the local
error reported by the annotations is a minimum
0f9.2x10”7 and an average error of
approximately1.5x107°, indicating orders-of-
magnitude improvement over the baselines. The
visibly clustered local refinement regions further
confirm that the framework 1is effectively
identifying high-error zones and correcting them
in a targeted manner.
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P
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=
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Fig 7. Residual Error Convergence.
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The residual evolution in Fig. 7 supports this
spatial behavior. The curves of the residual when
using standalone FEM, standalone PINN, pure FNO,
and proposed adaptive hybrid are plotted against
the refinement step. The FEM curve even shows
that at a high level of residual a uniform coarse
mesh does not enhance physical consistency
despite the increased numbers of iteration. The
PINN curve is very erratic, indicating inconsistent
training behavior and hard to control the decrease
in the PDE residual. The pure neural operator
minimizes the residual in the first place but then
stagnates in the range of 1072to10~3, suggesting
that smoothing alone cannot fully enforce the
governing equation. In contrast, the proposed
hybrid method exhibits a fast and monotonic
residual reduction, falling from an initial coarse
residual of approximately 8.5x10° to about
2.1x1072 in the early iterations, and eventually

reaching 5.7x107° and finally 9.2x10~7 after about
12 adaptive steps. This monotonic decay is
important because it indicates both stability and
progressive enforcement of the underlying PDE
constraints. Thus, the proposed framework not
only reduces approximation error but also
achieves significantly stronger physical
consistency than purely numerical or purely data-
driven alternatives.

7.3 Multiscale Performance

The key problem that this work resolves is the
proper treatment of nonlinear multiscale behavior.
Thus, the analysis should reflect the reduction of
the global errors, as well as constant performance
on the coarse or fine scales. Fig. 8 best illustrates
this element, demonstrating the convergence
behavior in relative terms of L2 error, as training
or refining the process progresses.

10! y -
i Because domainant cannot resolve the fine scales . c
] on the coarse static mesh —#— Proposed Adaptive Hybrid
A‘ ........................................................................ ‘ -Q - Standalone PINN
100 --A- Standalone FEM (Uniform)
5 ] Jump to training —,
= instabilities . Pl atiaIe T °
w v ,Q' I RS
o
~ 10—1 4
°>J - Proposed Adaptive Hybrid
= 1,000 -@ - Standalone PINN _
0] 10-2 - ---A-- Standalone FEM (Uniform)
s 1,00 - Neural Operator Fine-Tuning
Error-Guided 2
. Refinement wo 5%)00
10_ T T T T L o s |
1,000 5,000 10,000 20,000 50,000

Training Iterations (or Epochs)
Fig 8. Convergence Analysis across Methods.

Fig. 8 shows that the standalone FEM method is at
a high level of error throughout the entire set of
iterations since the coarse static mesh is unable to
capture the fine-scale structures that are built into
the solution. The figure makes it clear that the
most significant problem is a lack of domain
resolution as opposed to optimization. The
standalone PINN initially has a slightly smaller
error than FEM but exhibits oscillatory and
unstable behaviour, with numerous jumps related
to pathologies in training and hard gradients.
Instead of approaching a convergence point, the
relative L2 error of it stays in the vicinity of the
range of 109, confirming weak robustness in
multiscale regimes. By contrast, the proposed
adaptive hybrid method exhibits a consistent
downward trend, with the error decreasing rapidly
from around 2x107! at early iterations to below
1072 and eventually reaching the order of 10™*.

This behavior indicates that adaptive error-
directed refinement can be effectively used to
stabilize the approximation process and enable the
method to model more and more fine details
without destabilizing the global solution.

The multiscale capability is also reflected in the
reported regional error analysis. In coarse regions,
all methods perform reasonably well, with errors
around 10 3because the underlying solution varies
smoothly and does not demand fine resolution.
However, in fine-scale regions containing steep
gradients and nonlinear interactions, FEM and
PINN errors increase to approximately
3.0x1073and 2.5%1073, respectively, whereas the
proposed hybrid method limits the error to about
1.1x1073. This suggests that with guidance by
residual-based adaptation, the neural operator
component can significantly better reflect localized
nonlinearities as compared to either of the two
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base lines. Practically, this implies the method to
be not only very robust on average performance
but also in the most challenging aspects of the
solution domain, which is exactly where multiscale
solvers tend to break down.

7.4 Computational Efficiency

One of the main reasons of the proposed hybrid
framework is to minimize the computational cost
that comes with the uniformly fine numerical
discretization but maintain high accuracy of
solutions. A summary of the efficiency results is
shown in Fig. 9, three complementary views of
computational performance.

10—1 1

Real-time

A Relative Computational Speedup (Lower is Faster) B Adaptive Efficiency Gain: Degrees of Freedom (DoF) and Scalability
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10 8x ~— Fine Mesh FEM (Global Refinement) [ o —e— Proposed Adaptive Hybrid
- —— Coarse Mesh FEM (Uniform) % —e— Conventional Finite Element
2 5x Speedup ™ — Adaptive Hybrid (Ours) 508
y 8 06 " E Proposed Method Scales
Speedup = 101 Huge memory and o | = 5.6 with Solution Complexiy
= ] computation DoF:87x10°| & 0.6 Not Domain Resolution
8 2 savings i
§ 12x & S04
L 100 Speedup | 3 f:
% g Adaptive DoF: 1.2 x 10° E 02
4 3
g Vv | &llemmn 5
e 12x 0 500 1000 1500 0 2 4 6 8 10
= Speedup DoF vs. Time Steps Parallel Compute Nodes
2 C Practical Implications: Total Compute Cost (log scale)
©
o)
(4

Standalone Physics-Informed  Spectral Proposed

FEM Neural Network ~ Neural ~ Adaptive Hybrid
(Uniform, (PINN) Operator Framework
Fine Mesh) (FNO) (Ours)

85% Reduction in

Inference Capability
Conventional
Approach
(Static Mesh,
Dense Sampling)

Grid Points (DoF) )
Total Computing Hours
(log scale)
11x Lower (607.88 hous)
Memory
Usage Total Computing
Hours (log scale)
31.94 hours
(0.07 selc)

Adaptive Hybrid

(Focused
Refinement, Fewer
Iterations)

Fig 9. Computational Efficiency and Speedup Analysis.

Fig. 9 (Panel A) compares the relative execution
time between the methods. The FEM base
standalone is set to the reference with 1x speed.
The PINN method has a successful acceleration of
about 2.5x, which portrays quicker inference in
certain cases yet significant training expenses. The
spectral neural operator (FNO) has 8-fold speedup,
showing the efficiency of operator learning as a
fast approximation. The proposed adaptive hybrid
framework however provides the best gain, with
the effective speedup of approximately 12, thus it
is the most efficlent computationally when
compared with the compared methods. This
finding is especially important as it is achievable
without compromising physical consistency or
local accuracy.

Panel B further explains the source of this
efficiency by comparing the degrees of freedom
(DoF) required by different strategies. A globally
refined FEM solution requires on the order of
8.7x10‘6degrees of freedom, whereas the
proposed adaptive hybrid method reduces this
requirement to approximately 1.2x10~°adaptive
degrees of freedom. This massive reduction
confirms that the framework avoids the wasteful
practice of refining the entire domain uniformly.
Instead, it allocates computational resources only
where the residual indicates genuine need. The
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accompanying scalability plot shows that, as the
number of compute nodes increases, the proposed
method maintains a lower normalized time per
step than the conventional finite element solver,
indicating better practical scalability.

The savings are translated into practical
computing cost by panel C. The figure indicates a
decline of 85% in the number of grid points, a
factor of 11 or so in memory consumption, and a
phenomenal decrease in the total hours of
computation time of around 607.88 hours of
computation under the conservative dense scheme
to 31.94 hours under the adaptive hybrid scheme.
This diminution is the one which allows the
framework to proceed to the real-time inference
potential. These tendencies agree also with the
benchmark-specific runtime values. As an example,
in the Navier-Stokes simulation, FEM takes about
120 s, PINN takes about 95 s, and the proposed
method takes about 48 s, which is about 2.5-2.0
times faster than FEM and PINN, respectively.
Therefore, the computational advantage is not
purely theoretical, but can be directly determined
in wall-clock time.

7.5 Overall Interpretation
Taken together, Figs. 5-9 offer a consistent and
plausible image of the work of the suggested
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framework. Fig. 5 confirms that adaptive hybrid
method is closest to reproducing the reference
solution. Fig. 6 indicates that such accuracy
enhancement is spatially significant and is
concentrated in the areas that are the most
important. Fig. 7 shows that convergence is
consistent over multiple scale regimes, unlike
these approaches, which are stagnant or unstable
(FEM and PINN). Fig. 8 reaffirms that the solution
is more and more a solution to the governing PDE
as the adaptive iterations take place and the
residual values drop by several orders of
magnitude relative to the baselines. Lastly, Fig. 9
can show that these gains are obtained with
significantly reduced computational cost, memory
consumption and overall runtime.

The scientific implication is obvious: the suggested
adaptive hybrid framework effectively harnesses
the synergies of numerical discretization and
neural operator learning. The FEM component will
give a physically grounded coarse solution, the
neural operator will give effective fine-scale
correction and the adaptive residual controller will
make sure that computational effort is only
expended where absolutely required.
Consequently, the technique is able to capture
smaller nonlinearities better than standalone
baselines and at the same time save on needless
calculation. It is this trade-off between fidelity and
efficiency that gives the framework particularly a
promising future in the world of next-generation
simulation of nonlinear multiscale systems.

8. Applications

The suggested adaptive hybrid numerical/Al
model proves to be very applicable in a large
variety of scientific and engineering fields where
the nonlinear dynamics is multiscale in nature. It is
especially appropriate when both accuracy and
computation speed are important in a complex
system: the power to combine physics-based
modeling with data-driven refinement is of special
interest. The framework is successfully used in
nonlinear flow problems in fluid dynamics
simulation to solve nonlinear flow equations
(Navier Stokes equations). These systems
commonly feature multiscale interactions like
turbulence, shedding of vortexes and boundary
layer interactions. The suggested approach allows
resolving the localized flow structures with
accuracy but does not require the computational
costs that are required with globally refined
meshes. This renders it very applicable to
application in areas like aerodynamic design,
environmental flow analysis and industrial fluid
systems.

Within the framework of climate modeling, the
framework provides a scalable approach to the

representation of climate-scale atmospheric and
oceanic processes and features coupled nonlinear
interactions at a variety of spatial and temporal
scales. There are inherent global circulation
patterns and extreme events in climate systems
whether on the local scale like storms and

heatwaves. The adaptive refinement model
enables the model to concentrate the
computational resources in areas of high

variability hence enhancing accuracy in prediction
at reasonable computational costs. The framework
can also be easily applied to smart grid
multiphysics systems, where electrical, thermal
and electromagnetic processes are highly
nonlinear in their interactions. These systems are
based on real time or near real time analysis to
achieve efficient management of energy, detection
of faults and optimization of the system. The
proposed method is capable of modeling the
dynamics of a complex grid efficiently and staying
physically consistent by providing a combination
of numerical solvers and fast neural operator
inference, which is crucial to making reliable
decisions in energy systems.

Biological reaction, diffusion modeling pattern
formation, chemical signaling and population
dynamics in both biological and ecological systems
can be studied using the framework in biological
reaction, diffusion modeling. The sharp
concentration gradients, the wave propagation,
and local interactions in various scales are
commonly involved in these processes. The
adaptive hybrid strategy guarantees that these
features are captured with precision and without
being computationally expensive thus is applicable
in systems biology, medical modeling as well as
ecological simulations. Altogether, the fact that the
given framework can be applied to all these areas
is one of the highlights that indicate its possible
status as a universal next-generation science
computing tool. It also qualitatively helps to
overcome the issues of nonlinear multiscale
systems, offering a solid framework to enhance the
simulation-based research and practice.

9. Limitations

Although the performance of the proposed
adaptive hybrid numericalAl framework is
impressive, there are a number of limitations that
can be the subject of future research. The
limitations are mostly linked to the complexity of
the model, sensitivity of the parameters and the
inability to scale using a high-dimensional
environment. The complexity of training of the
neural operator component is among the
important problems. Neural operators are efficient
inference  when trained, but may Dbe
computationally expensive to train, particularly
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when working with large datasets or multiscale
systems. High-error areas also require local
retraining, and this coupled with the requirement
of iterative refinement further costs more
computational overhead in the training phase. This
can hamper the feasibility of the framework when
it is necessary to deploy fast or train in real-time.
Sensitivity to hyperparameters, such as learning
rates, network architecture design, residual
threshold and mesh refinement criteria is also
another significant limitation. These parameters
are carefully tuned to achieve the desired
performance of the hybrid framework, and poor
decisions may cause the convergence problem or
less accuracy. Specifically, the choice of a suitable
residual eldiffusion is very important since it
directly influences the trade-off between the
efficlency and accuracy of the solution. This
dependency creates another dimension of
complexity or configuration of the model and can
need a problem-related calibration. Moreover, the
question of the scalability to very high-
dimensional problems is still a problem. Although
the suggested approach saves a lot of
computational expense in comparison with fully
resolved numerical simulations, even high-
dimensional PDEs (e.g,, in 3D multiphysics systems
or high-resolution climate models) require
extensive computational resources. Both the
numerical discretization and the learning part are
subject to the curse of dimensionality and high-
performance gains in extremely large-scale
systems may be limited. It will need efficient
parallelization and memory management
approaches to be extended to such cases by the
framework. All in all, although the suggested
approach can make great strides in accuracy and
efficiency of nonlinear multiscale systems, these
weaknesses have to be overcome in order to have
an increased applicability and be applied to large-
scale scientific computing environments.

10. Future Work

Although the proposed adaptive hybrid numerical-
Al approach is already shown to be performance
strong when applied to solving nonlinear
multiscale systems, there are a few avenues in
research that can be exploited to facilitate the
capability and wuse of the method. The
reinforcement learning (RL)-based adaptive
refinement strategies are a direction that is
important. The refinement process is refined by a
predefined residual threshold in the current
framework. This is a useful method but it is not
dynamic and might not be ideal at balancing
accuracy and computation in a variety of problem
situations. With the addition of reinforcement
learning, the framework can learn the best

refinement policies dynamically to make smart
decisions in regard to mesh adaptation, sampling
density, and model updates. This would enable the
system to be able to autonomously adjust to
different levels of problems complexity and
become more efficient in general.

The other important extension is the three
dimensional multiphysicsmultiphysics framework
scaling. Although the representative 1D and 2D
benchmark problems considered in the current
work are representative of real-life applications, a
significant number of real-life applications, like
turbulent fluid flow, climate systems, and
electromagnetic simulations, necessitate precise
modeling in 3D, with coupled physical processes.
The proposed approach will need to be extended
to manage such high-dimensional and multiphysics
situations, which will require developments of
memory-efficient architectures, parallel computing
and domain decomposition methods. Another
important future direction is the development of
the real-time deployment capabilities, specifically
in edge computing environment. The hybrid
architecture already shows dramatic increases in
computational speeds, and it can be a good
candidate to be used in time sensitive applications.
The framework is optimizable to run on edge
devices by incurring less memory overhead and
optimizing the inference of the and leveraging
hardware accelerators. This would facilitate real
time sense and control in applications like smart
grids, autonomous systems and environmental
sensing.

Lastly, integrating the use of transformer-based
neural operators opens a chance to enhance the
learning aspect of the framework further.
Transformer architectures have been remarkably
successful in long-range dependence capture and
complex patterns of high-dimensional data. By
embedding operators indicating transformers into
the hybrid framework, it may be possible to boost
its capacity in modeling complex multiscale
interactions, generalized training across various
boundary conditions, and training instability. This
direction is not only in line with the recent
developments in scientific machine learning, but
can also greatly increase the performance of the
proposed approach. All these future directions
should work towards converting the present
structure into a more autonomous, scalable and
high-performance structure that can deal with
more complex nonlinear multiscale problems in
real-world scientific and engineering problems.

11. CONCLUSION

The suggested adaptive hybrid numerical-Al
architecture offers an efficient and scalable
approach to the problem of solving nonlinear
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multiscale PDEs based on a seamless combination
of physics-based numerical solvers with data-
driven neural operators, using an error-driven
adaptive process. The outcomes reveal that the
framework shows a high predictive accuracy and
good physical consistency as illustrated by large
decreases in approximation error and PDE
residual in several benchmark problems. The
approach of integrating the predictability of FEM
with the flexibility of neural operators reveals
itself as the most successful in terms of the ability
to reproduce small-scale nonlinear dynamics
compared to simple numerical and Al-based
strategies. Moreover, the adaptive refinement
approach will allow efficient distribution of
computational resources resulting in significant
performance gains in runtime and memory
consumption without negatively impacting the
solution fidelity. In general, the suggested
algorithm offers a powerful and computationally
efficient strategy to next-generation scientific
computing, which has a high potential to be
practically implemented in complex multiscale
problems in various fields.
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